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Thetitlecanbethoughtofasamnemonicforthepointofthisessay,whichonlybecomes
apparentneartheend.ForthoseunfamiliarwithEuclid,myencounterwiththeproblemof
trisectingananglewillbeeducational.Forgeometersandeducatedsmarty-pants,itshouldbe
amusing.Butnomatterwhoyouare,Icanpromiseyouatleastonething:that,afterreadingthis
essay,youwillbeabletotrisectanyanglewithonlyarulerandcompass,inthecanonical
Euclideanway.Further,youwillbeabletousethisunassailableproofinordertoamuseyour
friends.

Ratherthanputallmyresultsonapageorthreeinastrictlymathematicalway,Iwillturnmy
experienceintoanarrativeforthebenefitofotherfree-rangemathematicians.Thisstorymaybe
aconsolationforthem.Sohereis...

HowItAllBegan

Likemanypeoplewhohavedegreesinmathematics,ImanagedsomehowtomissEuclidalmost
entirely.ButIwasledbacktohimbyGaussandLagrange,NewtonandDeMorgan,allofwhom
displayEuclid'spower.SoIcametoEuclidlate.Lateenough,thatIalreadyknewaboutthe
constructionswhichwereimpossibletosolve:trisectionofanangleandquadratureofacircle.
Youwillseebytheendofthisessaythattheseareverysimilarproblemsinawayyoumightnot
havethoughtof.

AsIworkedthroughEuclid,itwasmyhabittouseanythingtrisectedforamentalexercise.
Somethingistrisected.Youholdituptoanarbitraryangle.Andyouaskwhythisdoesnottrisect
everyangle.Andforsometime,therewasalwaysanobviousanswer.Thatis,untilmyencounter
withatrapezium.Atrapeziumisa4-gonwithtwoparallelsides.Anditsdiagonalscuteachother
intheratiooftheirbases(thoseparallelsides).Soifonebaseistwicetheother,thediagonals
intersectattheirmutualpointoftrisection.Iheldthisuptomyarbitraryangle.Andittrisected
theangle'schordverynicely,thankyou.

WhichwasannoyingbecauseIwasworkingonsomethingelseandhadn'texpectedtohaveto
actuallythinkaboutwhytheanglewasnottrisected.ButIputmyworkaside.Idrewanice
pictureofwhatIhadsofar.AndIaskedmyself,Whatisnottrisectedhere?

Myfirstthoughtwasthateachchordwouldhaveitspointsoftrisectiononadifferenttrisecting
line.Inthatcase,aninfiniteseriesofchordswouldproduceaninfinitelylongcurveofsegmented
lines.OrthatwashowIpicturedit.Aquickconstructionshowedmethatwasnotthecase.The
samelines,produced,trisectedallchordsacrosstheangle.Ishouldmentionthatthetrapezium
appearedatEuclidVI2.Andaftermakingmylittleconstruction,itoccurredtomethatVI2
alreadytoldmethatparallelbasesretainedtheproportionsofmyoriginalisoscelestriangle.

So,maybe,thetriangleitselfwasnotactuallytrisected.Butcutitinhalfwiththemedianfromthe
vertex,layitonitsside,andtherighttrianglesstaringyouinthefacescreamtheirtrisectionto
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theskies.

Iusedsomebadlanguageatthispoint.Then,becausenothingelsecametomytinymindas
trisectible,Isetitasidefortheday.Itwasn'tuntilthenextdaythatIexperienced...

TheFailureofGreekEngineering

ThoseofyoumoreknowledgeableorlessslowthanIamhavebeenwaitingforthispart.Thenext
day,Iknewthattheproblemhadtobeinwhathappenedwhenyousplittheangleandmovethe
sub-chordsupintothenewsub-arcs,sotospeak.Iamdescribingthingsaspicturesquelyas
possiblebecauseIamtoolazytomakethenecessarydiagrams.Butthediagramswouldbe
simple.Soitwon'thurtyoutomaketheminyourhead.Theexercisewillactuallybegoodforyou.
Really.

Again,Imadeaconstructionoftheproblemandattempted,inpureEuclideanfashion,to"move
upthesub-chords."IquicklylearnedwhytheGreekswereunabletoinventthesteamengineor
thecuckooclock.Thereisabsolutelynoaccuracyinaunmarkedrulerandacompasstospeakof.
Youarenotsomuchconstructingthingsasyouaremakingneatdrawingswhicharesuggestive
ofpossiblefutureengineeringideals.TheGreekswereinfactluckytobeabletoproducea
woodenhorse.

Inshort,Iwasunabletoconvincemyselfthattherewasanythingsloppiergoingonherewith
trisectionthanwithquadrisectionorevenbisection.Iwasatanotherdeadend.

Ishouldpointoutthatmygoalwastodiscoverwhytheanglewasnottrisected,andinapurely
Euclideanway.Ididn'tcarethatWantzelhadproventhesolutionwasunattainablein1837.AndI
didn'tcarebecausethatstorydidnotcontinue,"Andsoalltheformerlytrisectedangleshadtobe
thrownoutandtheirtrisectorshungtheirheadsinshame."Euclidknewthatwhatwasinfrontof
mewasnottrisected.Iwantedtoknowhowheknew.ButIappearedtobetoostupidtofigureit
out.SoIpuntedandlearned...

YouAreAlonewithYourOwnBeingandtheRealityofThings

Iwouldleaveoutthispartofthestory.Butthatwouldbeadisservicetootherfree-range
mathematicianswhofindthemselvesinsimilarstraights.Iwillmakeitshort.

Iaskedforhelpwiththisproblemofunyieldingthirds.AndIdidn'tgetany.Youcanimaginewhy.
I'msuresomemathdepartmentshaveafiltersetuptosendanyoff-campusemailwiththeword
"Euclid"or"trisection"into/dev/null.Icouldcertainlywritethemoneiftheyasked.

Itriedwit.Itriedhumility.Ieventriedtotrickpeopleintoanswering.Nothingworked.Soeither
IwouldsolvethisproblemmyselfonmyowntermsorIwouldn't.Ishouldalsoadmitto...

ABriefMomentofInsanity

Atsomepoint,afterthethirdnessesoftheconstructionappearedabsoluteandmentalfatigue
frombangingmytinyheadagainstthreesiessetin,Ibegantowonderifthisanglewasn'tactually
trisectedafterall.EveryonefromEuclidtoGregoryBatesonhasinsistedthat"everyschoolboy
knows"numberisnotmagnitude.Butmytrisectionwasgroundedinratiosofmagnitude,which
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requiresEuclidV,whichalmostnoone,statisticallyspeaking,understands.Hadnoonemadethe
connectionthatmagnitudeandnumber,properlytreated,wereinfactthesamething?Hadthose
peoplewhodidmaketheconnectionbeenasuninterestedintheproblemasIhadbeenor
perhapshadwalkedawaybecauseofWantzel?(Newtoninthefirstgroup,DeMorganinthe
second)WasInotpossiblytrulyamazing?Imean...anything'spossible...

Thisinsanitylastedonlylongenoughformetorecallthattrisectioncanbeperformedonaline
bypeoplewhomakeitnofurtherthanEuclidI34.AndsomybrieftwilightdreamsofaCharlie
Roseinterviewand,possibly,anhonorarydoctoratefromPhoenixUniversityOn-Line,quickly
dissipated.Iwouldhavetofind...

MyOwnEuclideanSolution

I'mnotactuallyasdimasIhavebeenportrayingmyself.Mydegreeinmathematicsisfroma
perfectlyrespectableuniversityandmygrade-pointaveragewasstilllowhonorsinspiteof
takingabeatingforacoupleofsemestersthereinthemiddlewherenothingyoulearnforone
mathematicappearstohaveanythingtodowiththenext.

ButIamawfullyslow.

Thiswholestorytakesplaceinaweek.Soarounddayfive,inspiteofmyslowness,theEuclidean
solutioncametome.I'mgoingtorequireyoutomakeanotherdrawinginyourhead.

Takeyourangle,drawyourchord,andtrisectasbefore.
Selectoneofthelinesoftrisectionastheradiusandstrikeanarcacrosstheangle.
Createyournewsub-chordsoneithersideofthecentral,nowsub-,chord
Withcenterasoneendofcentralchord,radiusofthatcentralchord,drawacircle
Circlemeetsotherendofcentralchordbutpassesbeyondouterchord.
Thus,theoriginalarcwasnottrisected.[QED]

Havingreachedasolutiononmyowntermswasverysatisfying.Ihadsetmyown,purely
Euclidean,barandhadcleareditundermyownpower.ButjustasIturnedawaytoleavethis
wholeunasked-forexperienceinthepast,onefinalquestioncametome...

WherearethePointsofTrisection?

ThisisnotaEuclideanquestion.SoIfeltnocompunctiontostickwithmystraightstickand
compass.Let'sdoanotherconstructioninourheads.

Gobacktothebisectedtrisectedtrianglelayingonitsbisector,whichisarighttrianglenow.If
theangletobetrisectedisA,thefaceofthistriangleisA/2.Andthefacebelowtheactualpointof
trisectionisdeterminedbyA/6.ThepointitselfiswheretheradiusofA/6liesabovethecosine
ofA/2.Sothelocationofthepointoftrisection,asaratiotothehalf-chord,is

sin(A/6)cos(A/2)
sin(A/2)

Hereisatableofanglesfrom0.002to179.98degreesbyhalf-anglesandthevalueoftheabove:
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0.001
.333333333324
4

0.01 .33333333244

2 0.333298

7 0.332896

15 0.331322

30 0.32527

45 0.315118

60 0.300767

75 0.28207

83 0.270252

88 0.262191

89.99 0.258836

Youcanseethatatfifteendegrees,atrisectedchord'smarginoferrorisonly0.002011thofthe
chorditself.Clearly,onordinarynotebookpaper,trisectionispossibleforsmallanglesupto
fifteendegrees.WithaEuclideanstickinthesandandareasonably-sizedconstruction,youmight
gouptotwentydegrees.

YouwillrecallthatIpromisedtorevealthemethodbywhichallanglescanbeperfectlytrisected
withrulerandcompass.Andmostofyoucanalreadyfeelthiscomingandarewincing:

CorollarytotheConstructedRelationofthePointofTrisectiontotheChord.
Giventheresultsofsmallanglesabove,itisclearthat,givenalargeenoughpencilleadanda
smallenoughangle,allanglesaretrisectedbytrisectingthechord,becausethemarginoferror
fallsintothewidthofthepencilmark.

Itrustnoonewillhavethetemeritytoarguewithsomethingsoself-evidentlytrue.Iwouldbe
thefirsttoadmitthatsuchanglesandtheirtrisectionsfallunderHeisenberg'sUncertainty
Principleinthatonecanknowthattheyaretrisectedoronecanknowwhattheangleisbutone
cannolongertelloneanglefromanother.

BothhisprincipleandmyEuclideanconstructionfallundertheoverarchingprinciplethat"Ifthe
thingsyoustudyaresmallenough,younolongerknowwhatyouaretalkingabout."Andthis
remindsmeofmypromisedlaterresonanceforthetitleofthisessay.Wecannowask,asearlier
geometersandtheologiansonceasked,

Howmanytrisectedanglescandanceontheheadofapin?
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Theanswertowhich,Ileaveasanexerciseforthereader.Thatlastphraseinitselfmakesallthis
seemmuchmoremathematical,doesn'tit?

Youhaveprobablyalsoforgottenmyfinalpromisewhichwasthattherewasactuallyapointto
thisessay.Andknowingmeaswellasyounowdo,youwouldprobablynotbesurprisedifthere
wasnofurtherpointatall.Surprisingly,tomecertainly,thereisapoint.Andthatpointis...

WhatEuclidMeantbytheTerm"Angle"

Ididalmostforgetthequadratureofthecircle.That'snotthepointoftheessay.ButI'llthrowit
inhereforwhatit'sworth.Theproblemisbasically,Whatisthelinethatisequaltothe
circumferenceofagivencircle.Ifyoucouldmovearctoline,andifyoucouldmovetheabove
trigonometricratioontheopenintervalofzerotopiovertwotoaproportionalline,youcould
usethechordtogetthepointoftrisectionsbyEuclideanmeans.Idon'texpectthistohappenany
timesoon.

Let'sgobacktoEuclid'sangles.InDefinitionsI,hesays:

8.Aplaneangleistheinclinationtooneanotheroftwolinesinaplanewhichmeetoneanother
anddonotlieinastraightline.
9.Andwhenthelinescontainingtheanglearestraight,theangleiscalledrectilineal.

Andthisisallweget.Thisisallwehavefromthedefinitionswhenwewanttounderstandthebi-
ortrisectionofanangle.ButEuclidknowsthereismoretoanglesthanthis.Hedoesn'twantto
sayit.ButhegiveshimselfawayinVI33:

Inequalcircles,anglesoncenteroroncircumferencehavethesameratioasthearcssubtended.
Thisistruealsoforsectors.

Notethathesaysnothinghereofchords.Euclidknowsthatthechordsdonotstandinanykind
ofratio,asheunderstandsratio,toanything.Theyshould.Buttheydon't.

Therehavebeentwometaphysicalcataclysmsresultingfrommathematicswhichhaveaffected
worldthought.Themostrecentwasnon-Euclideangeometrywhichcausepeopleto
fundamentallydoubtwhatwastrueinmathematicsandscienceandelsewhere.Ithinkthiswas
silly.ButIwon'tgointothatnow.

Theearliercatastropheofthoughtwastheincommensurable,orreal,number.Thiswasfirst
encounteredasthediagonalofanysquare,whichwasneverinarationalproportiontoitssides.
ThisfactrevealedtothePythagoreansthatthenaturalnumberswerenotthevoiceand
substanceoftheCreator.Andfromthattimeforward,theyshiedawayfromthe
incommensurablesasbesttheycould.

ButEuclidknewthatthechordofanarcdidnotdefineanangle.Itwasnotisacalculablerelation
toarcordiameter.Itwas,tohim,thefaceofaregularn-gon,inscribedinthecircle.I'mnot
claimingtobechannelingEuclid'smindhere.ButI'mprettysureIcansaythefollowing:
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ForEuclid,themeasureormagnitudeofanangle,thatwhichmustbetrisected,wasthearcof
anycirclewiththeangle'sapexascenter.Buthecouldn'tbringhimselftosayso,possibly
becausenoratioincludingthechordcouldbeestablished.Possiblybecausenosinglechordor
arccouldbechosenasdefinitive.Theyallworkedequallywell.

That,Isuppose,andforwhatit'sworth,isthepointofthisessay.Thewholetrisectionexperience
wasratherunpleasant.Though,itwasnicetofindaEuclideandisproofoftrisection.Andthe
trigonometrywasfuntoplaywith.Buttheonlythingthatseemstolingerfromthisinquiry,is
thisideaofEuclidandthe"archangel",themetaphysicalplaceinhisthoughtofthearcofanangle.

OnCalculationandItsNon-Euclidness

Ifwewanttocalculatethevalueofπ,wecantakeacircleofradius1,describeandinscribea
squareandrepeatedlydoublethesidesto8,16,….Becausewecancalculatetheperimeterof
thesen-gons,wecantaketheiraverageandestimateπ.Whenwegettotwo2048-gons,the
estimateisalmostexactly3.14159.Andwecandoubledownonthesidestogetany
approximationofπwesodesire.

Soclearly,wecandothesamewithanyangle.Wecanuseouranyangletocreateacircleonit,
putasquareonthat,anddoubledownonthesidestillthecowscomehome.Witha512-gon,
wecanestimatetowithinlessthanadegreeofacircle.Witha32768-gon,wearewithina
minuteofarcinourestimateoftrisection.Wecangoonuntilthemarginoferrorislessthan
thewidthofourpencilleadandthisisallyoucansayaboutthesquarenessofasquarecreated
withEuclidI.46.Peoplehaveusedthismethodtotrisectangles,squarecircles,anddoevery
other"impossible"thinginEuclideangeometry.They'vewrittenbooksaboutit.Andnoone
showedupandgavethemabigbagofmoney.

SowhyisthisperfectlytrueandperfectlyEuclideanmethodofconstructionnotacceptedas
havingaccomplishedtheimpossible?

Werejectthismethodbecauseitbecomes,intheend,acalculationofnumberandleavesbehind
theactualEuclideanconstructioninitsresult.Inoneofhistrigonometrybooks,AugustusDe
Morganshowsthealgorithmwhicharisesintheboundingn-gonsonthecircleforwhichyouare
calculatingπ.Youjustrunthenumbersuntilyouarehappywiththeaccuracyofyour
approximation.Andtrisectinganangleinthiswayjustassurelybecomesacalculation.Itis
anaccuratecalculation.Butcalculationisnotpureandnumberlessgeometry.Sonobigbagof
moneyforyou.

Impossible,NotImpossible

Nooneshouldfeelweirdaboutplayingwiththeimpossibleideasofgeometry.Everygreat
mathematician,fromGaussondown,hasplayedwiththem.InGauss'scase,I'mcertainhewas
thinkingthatifitcouldbedone,itwas--byGumandbyGod--goingtobedonebyhimandbyno
oneelse.Hefoundthatifyoucouldmarkyourruler,youcouldtrisecttheangle.Someoneelse
foundthatifyoucouldputahingeinthemiddleofyourruler,youcouldtrisectanangle.But,as
Wantzelproved,trisectionisalgebraicallyathirddegreeequationandourrulerbeingonlyafirst
degreeequationandourcompassbeingonlyoneofthemanyseconddegreeequations,trisection
bydirectEuclideanconstructionisimpossible.Thisisusefultoknowandkeepsmanyacurious
youngmathematicianfrombeatinghisbrainsoutwitharulerandcompass.



R.EarleHarris(c)2018
ReleasedunderCreativeCommons4.0-SA-BY

7

I'mgoingoutonalimbhereandsuggestingthat,whiledirectconstructionisimpossible,indirect
constructionisnot.Human'sdoalotofthinking.Infacttheydoinfinitethinking:onereal
idea,2realideas,3realideas,….Thatistheformofinfinity.Someday,someonewillthinkofa
waytoindirectlyaccomplishwitharulerandcompasswhatisaccomplishedwithamarkora
hingeonaruler.Orsomething.Andthetrisectionofananglewillbeaccomplished.Itneed
notbesimple.GotakealookatGauss'sdiagramforcreatinghisregular17-gon.Ihave
workedatover800Euclideanproblemsanddrawnabout2000Euclideandiagramsandhis17-
gondiagramgivesmevertigo.IamacompletenoobiecomparedtoGauss.ButIam,withall
modesty,betterlooking.Aswhoisnot.

HumanthoughtandthepossibilitiesofEuclideangeometryareinfinite.Trisectionofanangle
willonedaybeaccomplished,cleverlyandindirectly.Ijusthopethemethod'sdiagramreminds
usofGauss's17-gonsowedon'tallfeeltoostupidfornotthinkingofitourselves.ButI
wouldn'twaitaroundtoseethissolutionariseifIwereyou.Thesolutionmightrequireoneto
thinksofaroutoftheboxthatwewouldneedtoescapethedeepestideologyandmetaphysical
assumptionsofourowncivilizationtoescapethestupidbox.Andthis,initself,iscloseto
impossible.Butthenextculturetocomealonganddominatetheworldofthought(Spengler
puthismoneyontheRussians)mayknockthisbabyoutinthefirstroundandwonderwhatkind
ofmoronswewerewhocouldn'tsolveit.


